We generalize the notion of metallic structure in the pseudo-Riemannian setting, define the metallic Norden structure and study its integrability. We construct a metallic natural connection recovering as particular case the Ganchev and Mihova connection, which we extend to a metallic natural connection on the generalized tangent bundle. Moreover, we construct metallic pseudo-Riemannian structures on the tangent and cotangent bundles.
Introduction
For fixed positive integer numbers p and q, the (p, q)-metallic number stands for positive solution of the equation x 2 − px − q = 0 and it is equal to (1) σ p,q = p + p 2 + 4q 2 .
For particular values of p and q, some important members of the metallic mean family [5] are the followings: the Golden mean φ = for p and q positive integer numbers, where I is the identity operator on C ∞ (T M). In this case, the pair (M, J) is called a metallic manifold. Moreover, if a Riemannian metric g on M is compatible with J, that is g(JX, Y ) = g(X, JY ), for any X, Y ∈ C ∞ (T M), we call the pair (J, g) a metallic Riemannian structure and (M, J, g) a metallic Riemannian manifold.
From the compatibility condition, we immediately get that a metallic Riemannian structure satisfies g(JX, JY ) = pg(X, Y ) + qg(X, JY ),
for any X, Y ∈ C ∞ (T M).
Metallic pseudo-Riemannian manifolds
The notion of metallic Riemannian manifold can be generalized to a metallic pseudoRiemannian manifold. We pose the following:
Definition 2.1. Let (M, g) be a pseudo-Riemannian manifold and let J be a gsymmetric (1, 1)-tensor field on M such that J 2 = pJ + qI, for some p and q real numbers.
Then the pair (J, g) is called a metallic pseudo-Riemannian structure on M and (M, J, g) is called a metallic pseudo-Riemannian manifold.
Fix now a metallic structure J on M and define the associated linear connections as follows:
ii) A metallic pseudo-Riemannian manifold (M, J, g) such that the Levi-Civita connection ∇ with respect to g is a J-connection is called a locally metallic pseudo-Riemannian manifold.
The concept of integrability is defined in the classical manner: Definition 2.3. A metallic structure J is called integrable if its Nijenhuis tensor field N J vanishes, where Definition 2.7. A metallic pseudo-Riemannian manifold (M, J, g) such that the LeviCivita connection ∇ with respect to g satisfies the condition Proof. For any X, Y ∈ C ∞ (T M), we have:
We observe that
is not an eigenvalue of J because p 2 + 4q > 0, thus we get that if J is nearly locally metallic, then N J = 0 ⇐⇒ ∇J = 0 and the proof is complete.
3 Metallic natural connection 
Proof. We have:
Moreover, for any X, Y , Z ∈ C ∞ (T M), we have:
Then the proof is complete. 
Thus we get the following: 
In particular, if J is integrable, then:
Remark 3.4. If p = 0, q = −1 and J is integrable, then the natural connection D coincides with the natural canonical connection defined by Ganchev and Mihova in [2] .
Metallic Norden structures
Recall that a Norden manifold (M, J, g) is an almost complex manifold (M, J) with a neutral pseudo-Riemannian metric g such that g(JX, Y ) = g(X, JY ), for any X, Y ∈ C ∞ (T M). We can state: Proof. We have:
Moreover, for any X, Y ∈ C ∞ (T M), we have:
Then the statement.
We remark that J = J 1,0 . Also, from ∇J a,b = a∇J and N J a,b = a 2 N J , we get the following:
Assume that a = 0. Then: 
J a,b is nearly locally metallic if and only if J is nearly Kähler.
Conversely, we have:
) is a metallic pseudo-Riemannian manifold such that J 2 = pJ + qI with p 2 + 4q < 0, then
are Norden structures on M and J = aJ ± + bI with a = ±(
Finally, we have:
We give the following definition: 5 Induced structures on T M ⊕ T * M
Generalized metallic pseudo-Riemannian structures
In [1] we introduced the notion of generalized metallic structure and generalized metallic Riemannian structure. We pose the following:
Definition 5.1. A pair (J,g) of a generalized metallic structureJ and a pseudoRiemannian metricg such thatJ isg-symmetric is called a generalized metallic pseudoRiemannian structure. IfJ 2 = pJ + qI with p 2 + 4q < 0, thenJ is called a generalized metallic Norden structure.
Let (M, J, g) be a Norden manifold and let (J,g) be the generalized Norden structure defined in [4] 
for any X, Y ∈ C ∞ (T M) and α, β ∈ C ∞ (T * M). ThenJ defines the following family of generalized metallic Norden structures: 
We remark that, up to rescaling the metric, instead ofJ a,b , we can consider the family:
Moreover, if (M, J, g) is a metallic pseudo-Riemannian manifold with J 2 = pJ + qI, for p = 2b and q = −(a 2 + b 2 ), we immediately have that
is a generalized metallic structure with:
If we assume p 2 + 4q = 0, generalizing (5), we define the pseudo-Riemannian metric:
for any X, Y ∈ C ∞ (T M) and α, β ∈ C ∞ (T * M) and we have the following:
) be a metallic pseudo-Riemannian manifold such that
ĝ) is a generalized metallic pseudo-Riemannian structure withĴ given by (6) andĝ given by (7).
Proof. For any X + α, Y + β ∈ C ∞ (T M ⊕ T * M), we have:
Since (M, J, g) is a metallic pseudo-Riemannian manifold and J * = ♭ g J♯ g we get the statement.
Definition 5.3. Let (M, J, g) be a metallic pseudo-Riemannian manifold. The pair (Ĵ,ĝ) defined by (6) and (7) is called the generalized metallic pseudo-Riemannian structure defined by (J, g).
More generally, we can construct generalized metallic pseudo-Riemannian structures by using a pseudo-Riemannian metric g on M and an arbitrary g-symmetric endomorphism J of the tangent bundle as in the followings. 
with p and q any real numbers. Moreover,J satisfies:
where
is the natural symplectic structure on T M ⊕ T * M.
Proof. A direct computation givesJ 2 = pJ + qI.
Moreover, for any X + α ∈ C ∞ (T M ⊕ T * M), we have:
and using the definition of (·, ·) we get the last statement. Now, for any
we have:
Since J is g-symmetric and J * = ♭ g J♯ g we get the statement.
Remark 5.5. i) For p = 0, the structureJ is anti-calibrated with respect to (10). ii) In particular, for p = 0 and q = 1 we get the generalized product structurě . ii) The structureJ ′ defined by:
is also a generalized metallic structure and for the particular case when J is metallic, it is preciselyĴ ′ .
Remark 5.7. Let (M, g) be a pseudo-Riemannian manifold and let J be an arbitrary g-symmetric endomorphism of the tangent bundle. Then for any p and q real numbers with p 2 + 4q < 0:J
are generalized Norden structures with respect to the metricǧ.
Generalized metallic natural connection
Let (M, J, g) be a metallic pseudo-Riemannian manifold and let D be the metallic natural connection given by (3). We define:
by:
for any X, Y ∈ C ∞ (T M) and α, β ∈ C ∞ (T * M) and we have:
Theorem 5.8. The linear connectionD satisfies the following conditions: 
Let π : T M → M be the canonical projection and π * : T (T M) → T M be the tangent map of π. If a ∈ T M and A ∈ T a (T M), then π * (A) ∈ T π(a) M and we denote by χ a the standard identification between T π(a) M and its tangent space T a (T π(a) M). 
